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Abstract. - We study the extra term of particle current in a 2D k-cubic Rashba spin-orbit cou-
pling system and the integer quantization of Hall conductance in this system. We provide a correct
formula of charge current in this system and the careful consideration of extra currents provides
a stronger theoretical basis for the theory of quantum Hall effect which has not been considered
before. The nontrivial extra contribution to particle current density and local conductivity, which
originates from cubic dependence on the momentum operator in the Hamiltonian, will have no
effect on the integer quantization of Hall conductance. The extension of Noether’s theorem for
the 2D k-cubic Rashba system is also addressed. Two methods reach to exactly the same results.
Introduction. – Recent experimental demonstra-
tions of spin Hall effect in some semiconductors [1–5]
may create a way to manipulate the spin of carriers in
terms of electric field that presents potential in future
applications. It has stimulated many scientists’ interest.
The experiments clearly show that the spin-orbit cou-
pling (SOC) of carriers in some semiconductors plays a
key role in disclosing the spin Hall effect. Several theo-
retical models of SOC have been suggested to study the
charge and spin transport for different kinds of semicon-
ductor systems, such as 2 dimensional (2D) linear k depen-
dent Rashba [6] and Dresselhaus [7, 8] models, quadratic
k dependent Luttinger model [9], 3D k-cubic Dresselhaus
model [10] and 2D k-cubic Rashba SOC model which was
found in a GaAs-AlxGa1−xAs interface of a typical semi-
conductor heterojunction where the k-cubic Rashba SOC
effect for heavy holes can not be neglected in a high-
density regime [11]. For some Hamiltonians including
terms with high order power (> 2) of momentum opera-
tors (MO) p̂, like 3D k-cubic Dresselhaus model, we have
proved the conventional expression of particle current den-
sity (CD) jconv(r, t) = Re{ψ
†(r, t)1/(i~)[r, Ĥ]ψ(r, t)} =
(1/e)Re{ψ†(r, t)(∂Ĥ/∂A)ψ(r, t)} is no longer valid [12].
In that system, for the sake of current conserva-
tion, a nontrivial extra term of CD jextra(r, t) (∇·
jextra(r, t) 6= 0) should be added to the conventional one.
(a)Present address: Max Planck Institute for the Physics of Com-
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Then the continuity equation of conserved particle CD
j(r, t) (= jconv(r, t) + jextra(r, t)) can be satisfied. Thus,
the extra term jextra(r, t) is a physical quantity and has
effect on the conductivity of the system. It is natural to
extend it to k-cubic Rashba system where the extra terms
of CD may also appear due to cubic k, the term with high
order power of MO p̂ in its Hamiltonian. However, 2D
k-cubic Rashba is a real system that can demonstrate the
integer quantum Hall conductance. The high precision of
integer quantum Hall effect [13] was explained in some fa-
mous papers [14–16] where the expression of charge CD
is implicitly based upon the conventional form. One nat-
urally questions whether some correction to the quantum
Hall conductance could come from the additional term of
current jextra(r, t) in 2D k-cubic Rashba SOC semicon-
ductors. In this paper, we would rigorously deduce the
exact expression of charge CD that shows the existence of
nontrivial extra term jextra(r, t) (∇ · jextra(r, t) 6= 0). It
is not a local circular current and does have the contribu-
tion to electric conductivity. Further, we prove that it has
no contribution to the quantum Hall conductance. So the
explanation of integer quantum Hall conductance is ex-
tended to a more general case that includes MO of triple
power in the Hamiltonian, though whose formula of charge
CD must be corrected by a nontrivial extra term due to
the requirement of its continuity. Our paper shows a more
clear understanding of the property of integer quantization
of Hall conductance no matter the Hamiltonian including
additional cubic k dependent SOC which is a realizable
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2D quantum Hall system.
This paper is organized as following. Firstly, we sim-
ply introduce the formulae of the calculation of particle
CD in the first section. The deduction of the expres-
sion of extra term jextra(r, t) in addition to jconv(r, t) for
a 2D cubic Rashba Hamiltonian is presented. The sec-
ond section gives a proof that there is no contribution to
the integer quantum Hall conductance from extra term
jextra(r, t). Our expression of particle CD confirmed by
extended Noether’s theorem is attached in the appendix.
Density of particle current. – We study the 2D
cubic Rashba system that is a promising model system for
an ultra thin film of p-doped semiconductor [11]. In a per-
pendicular magnetic field, the single particle Hamiltonian
is
Ĥ = ĤN (p˜, r) + ĤR, (1)
ĤN (p˜, r) = ̂˜p2/2m∗ + V (r)− eŷEy, (2)
ĤR = iλ(̂˜p3−σ+ − ̂˜p3+σ−) (3)
where V (r) is a local spin independent potential and could
contain an impurity potential, λ = α/2~3 is the spin-orbit
coupling constant, Ey is the transverse Hall electric field,̂˜p± = ̂˜px ± î˜py, σ± = σx ± iσy where σx and σy are Pauli
matrices, and ̂˜p = (p̂x − eAx, p̂y − eAy) . The correspond-
ing Schro¨dinger (or say Pauli) equation is
∂
∂t
ψ(r, t) =
1
i~
Ĥψ(r, t), (4)
where Hamiltonian Ĥ is a 2 × 2 matrix. The particle
density for a pure quantum state is n(r, t) = ψ†(r, t)ψ(r, t)
in which we have performed the inner product for spin
space, but not for position. This rule of inner product
is also used in the following deductions implicitly. Since
the number of particles is conserved, the total number
of particles N =
∫
n(r, t)dr should be a constant. The
conserved particle CD j(r, t) is defined by the following
continuity equation:
∂n(r, t)
∂t
= −∇ · j(r, t). (5)
For simplifying the notations, in the paper, we will not
discriminate the notions of particle CD and charge CD
which only differ by a factor of charge e and can be self-
explanatory according to the context.
For a mixed state, the density matrix ρ̂ =∑
n |ψn〉 ρn 〈ψn| where ρn is the probability of the state
|ψn〉, ρn ≥ 0,
∑
n
ρn = 1.The density of particle is defined
by
n(r, t) = 〈r,t|ρ̂|r,t〉 =
∑
n
〈r,t |ψn〉 ρn 〈ψn| r,t〉
≡
∑
n
ρ†nψn(r, t)ψn(r,t), (6)
We discuss the case of ρn being time independent. Then
based on the Schro¨dinger equation, the left hand side of
eq.(5) can be expressed as
∂n(r, t)
∂t
=
∑
n
ρn{−∇ · j
n
N (r, t)
+(
1
i~
ĤRψn(r, t))
†ψn(r, t)
+ψ†n(r, t)(
1
i~
ĤRψn(r, t))}, (7)
where jnN (r, t) = Re
{
ψn
†(r, t)
(
1/(i~)[r, ĤN ]ψn(r, t)
)}
is just the conventional expression of parti-
cle CD for non-SOC part ĤN (p˜, r). If the
last two terms can be changed into −∇ ·
Re
{
ψn
†(r, t)
(
1/(i~)[r, ĤR]ψn(r, t)
)}
, the particle CD
would be jn(r, t) = Re{ψn
†(r, t)(1/(i~)[r, Ĥ ]ψn(r, t))},
which is just the conventional formula jnconv(r, t). How-
ever, it is not right. There should be an extra term
jextra(r, t) in addition to the term j
n
conv(r, t). And we
will prove that ∇ · jextra(r, t) 6= 0. Thus, the conventional
formula of particle CD is not conserved in 2D cubic
Rashba system. For simplicity, we only consider the case
in pure state and denote ψ = ψn(r, t). The expression of
particle CD for mixed state can be easily obtained from
the one of pure state. After some algebra, we obtain
(
1
i~
ĤRψ
)†
ψ + ψ†
(
1
i~
ĤRψ
)
= −
1
3
∇ ·
[(
1
i~
[r, ĤR]ψ
)†
ψ + ψ†
(
1
i~
[r, ĤR]ψ
)]
+
1
3
(
1
i~
[r, ĤR]ψ
)†
· ∇ψ +
1
3
(∇ψ)† ·
(
1
i~
[r, ĤR]ψ
)
−
1
3
eBy
~2
{([
x, ĤR
]
ψ
)†
ψ + ψ†
[
x, ĤR
]
ψ
}
= −∇ · jR(r, t).
where
jxR(r, t) =
1
3
{(
1
i~
[x, ĤR]ψ
)†
ψ + ψ†
(
1
i~
[x, ĤR]ψ
)}
+λRe
{
(∂yψ)
† [
x, p˜2−σ
+ + p˜2+σ
−
]
ψ
}
+Re
{
λeBy
~
ψ†
[
x, p˜2−σ
+ − p˜2+σ
−
]
ψ
}
−2λ~2
[
(∂xψ)
†
σy∂xψ + (∂yψ)
†
σy (∂yψ)
]
−i2λ~eBy
[
(∂yψ)
†
σxψ − ψ
†σx∂yψ
]
+2λ (eB)
2 [
ψ†y2σyψ
]
, (8)
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jyR(r, t) =
1
3
{(
1
i~
[y, ĤR]ψ
)†
ψ + ψ†
(
1
i~
[y, ĤR]ψ
)}
+λRe
{
(∂yψ)
† [
y, p˜2−σ
+ + p˜2+σ
−
]
ψ
}
+Re
{
λeBy
~
ψ†
[
y, p˜2−σ
+ − p˜2+σ
−
]
ψ
}
+2λ~2
[
(∂xψ)
†
σx∂xψ + (∂yψ)
†
σx∂yψ
]
−i2λ~eBy
[
(∂yψ)
† σyψ − ψ
†σy∂yψ
]
−2λ (eB)
2 [
ψ†y2σxψ
]
. (9)
In the above, following relations are applied:
ĤR = −
1
3
∇ · [r, ĤR] +
eBy
3
1
i~
[
x, ĤR
]
,
p˜2−σ
+ + p˜2+σ
− = −
1
2
∇ ·
[
r, p˜2−σ
+ + p˜2+σ
−
]
+
1
2
eBy
1
i~
[
x, p˜2−σ
+ + p˜2+σ
−
]
.
So we have j(r, t) = jN (r, t) + jR(r, t). Then the extra
term is
jextra(r, t) = j(r, t)− jconv(r, t)
= jR(r, t)−Re
{
ψ†
1
i~
[r, ĤR]ψ
}
,
where jconv(r, t) = Re{ψ
†1/(i~)[r, Ĥ]ψ} is the so called
conventional current that widely appeared in literatures.
Then the expression of extra particle CD can be finally
simplified as
jxextra(r, t) = 2λ~
2∂x∂y
(
ψ†σxψ
)
− λ~2∂2x
(
ψ†σyψ
)
+λ~2∂2y
(
ψ†σyψ
)
, (10)
jyextra(r, t) = 2λ~
2∂x∂y
(
ψ†σyψ
)
+ λ~2∂2x
(
ψ†σxψ
)
−λ~2∂2y
(
ψ†σxψ
)
. (11)
In above equations, all
(
ψ†σαψ
)
= (ψ†(r, t), σxψ(r, t))
are position dependent. The divergence of
jextra(r, t) is generally non-zero, ∇ · jextra(r, t) =
−λ~2∂3x
(
ψ†σyψ
)
−λ~2∂3y
(
ψ†σxψ
)
+3~2λ∂x∂
2
y
(
ψ†σyψ
)
+
3λ~2∂2x∂y
(
ψ†σxψ
)
6= 0. So, as shown in Eqs.(10) and
(11), we derived non-trivial extra terms in the expression
of conserved particle CD of a 2D cubic Rashba Hamil-
tonian. The same result of extra currents can also be
obtained by taking account of the gauge invariance based
on Noether’s theorem. Its detail is presented in appendix.
When we consider a mixed state, the extra term of
charge CD can be expressed as
jextra(r, t) = e
∑
n
ρnj
(n)
extra(r, t). (12)
In fact, our Hamiltonian H(= HN + HR) is time inde-
pendent, so the particle density n and charge CD j are
position dependent only.
Hall conductance. – Now we study the charge CD
along x direction which is j(x)(r) = j
(x)
conv(r) + j
(x)
extra(r).
We take the integral with respect to y for j(x)(r) to get
the charge current
I(x) =
∫
Ly
j(x)conv(r)dy +
∫
Ly
j
(x)
extra(r)dy, (13)
where Ly is the width of the system. And denote the
length of the system as Lx. Finally, Lx and Ly can ap-
proach to infinity if the system becomes macroscopic. I(x)
should not be position x dependent because of the particle
conservation. Then we take the integral of x for I(x) :
I(x) =
1
Lx
∫
Lx
∫
Ly
j(x)conv(r)dr+
1
Lx
∫
Lx
∫
Ly
j
(x)
extra(r)dr
=
1
Ω
∫∫
Ω
j(x)conv(r)Lydr+
1
Ω
∫∫
Ω
j
(x)
extra(r)Lydr
= I(x)conv + I
(x)
extra. (14)
where Ω = LxLy, I
(x)
conv =
1
Ω
∫∫
Ω
j
(x)
conv(r)Lydr and I
(x)
extra =
1
Ω
∫∫
Ω
j
(x)
extra(r)Lydr. From Eq.(10), the extra part of the
current is
I
(x)
extra = eλ~
2Ly
∑
n
ρn{
1
Ω
∫∫
Ω
[2∂x∂y
(
Ψ†n(r)σxΨn(r)
)
−∂2x
(
Ψ†n(r)σyΨn(r)
)
+ ∂2y
(
Ψ†n(r)σyΨn(r)
)
]dr}
= −eλLy
∑
n
ρn
1
Ω
∫∫
Ω
dr{2 (p̂xp̂yΨn(r))
†
σxΨn(r)
+2Ψ†n(r)σxp̂xp̂yΨn(r) − 2 (p̂xΨn(r))
†
σxp̂yΨn(r)
−2 (p̂yΨn(r))
†
σxp̂xΨn(r) −
(
p̂2xΨn(r)
)†
σyΨn(r)
−Ψ†n(r)σy p̂
2
xΨn(r) + 2 (p̂xΨn(r))
† σy p̂xΨn(r)
+
(
p̂2yΨn(r)
)†
σyΨn(r) + Ψ
†
n(r)σy p̂
2
yΨn(r)
−2 (p̂yΨn(r))
†
σy p̂yΨn(r)}. (15)
The terms in right side of the above equation become the
spatial inner product after the integration of r over the
whole space of the system. Since the operators {p̂x, p̂y}
are hermitian, as an example, we have
1
Ω
∫∫
Ω
dr{2 (p̂xp̂yΨn(r))
†
σxΨn(r)}
=
1
Ω
∫∫
Ω
dr{2 (p̂yΨn(r))
†
σxp̂xΨn(r)}
=
1
Ω
∫∫
Ω
dr{2 (p̂xΨn(r))
†
σxp̂yΨn(r)}
=
1
Ω
∫∫
Ω
dr{2 (Ψn(r))
†
σxp̂xp̂yΨn(r)}.
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Considering above property for inner product of position
space in equation (15), we can easily obtain I
(x)
extra = 0.
No contribution to Hall conductance from extra term of
charge CD is proved. Finally, we have
I(x) = Ly
1
Ω
∫∫
Ω
j(x)conv(r)dr
= eLyRe
∑
n
ρn
1
Ω
∫∫
Ω
{
Ψ†n(r)
1
i~
[x̂, Ĥ]Ψn(r)
}
dr
= eLyRe
∑
n
ρn 〈Ψn|
1
i~
[x̂, Ĥ0] |Ψn〉 ,
H0 = ̂˜p2/(2m∗) + iλ(̂˜p3−σ+ − ̂˜p3+σ−)
Thus, the quantum Hall conductance is only from the con-
ventional term jconv(r, t). For H0, the cubic 2D Rashba
model without transverse electric field, its Schro¨dinger
equation is
H0|Ψ
(0)
n 〉 = E
(0)
n |Ψ
(0)
n 〉.
It has been solved exactly [17],
E(0)n = (n+ 1/2)~ω, n ≤ 2,
E(0)n,s =
[
(n− 1) + s
√
γ2n(n− 1)(n− 2) +
9
4
]
~ω,
n ≥ 3. (16)
where ω = eB/(mc), s = ±1 and γ = 4λm∗
√
2~eB/c.
The eigen energies in traditional quantum Hall effect are
Landau levels separated by gaps. Now the “Landau levels”
of a 2D cubic Rashba model have some modification for
n ≥ 3, but they still keep the essential feature of the gap
separation. The corresponding eigenfunctions are
|Ψ(0)n 〉 =
(
0
φn
)
, n ≤ 2,
|Ψ(0)n 〉 = |Ψ
(0)
n,s〉 =
(
Cns1φn−3
Cns2φn
)
, n ≥ 3. (17)
where {Cns1, Cns2} are normalized constants,
Cns1 =
icn,s√
c2n,s + 1
, Cns2 =
1√
c2n,s + 1
,
cn,s ≡
1
γ
√
n(n− 1)(n− 2)
×
(
−
3
2
+ s
√
γ2n(n− 1)(n− 2) +
9
4
)
,
and φn is the wave function of harmonic oscillation type.
Impurities may result in widening out the “Landau lev-
els”. The conventional velocity operator in position space
is v̂ = 1/(i~)[r, H ] = 1/(i~)[r, H0]. It is easy to have
v̂(k) = 1/~∇kE
(0)(k) in k space. Following Laughlin [14]
or Kohmoto’s [16] deduction, the integer quantization of
quantum Hall conductance can be obtained. Here we will
present a different approach to reach to the conclusion of
integer quantum Hall conductance for such a specific 2D
cubic Rashba system.
Since the eigen energies and wave functions of
Schro¨dinger equation in the second quantization represen-
tation can be found exactly, we also calculate the Hall
conductance in linear response approximation and it shows
excellent consistency with integer quantization of Hall con-
ductance. More specifically, the Hall conductance σxy of
this system can be written as σxy =
∑
n,sNn,s (σxy)n,s,
where Nn,s is the number of particles occupying the (n, s)-
th “Landau level” (here the “Landau level” is marked by
two index, n indicating the energy level of the system with-
out SOC, s indicating the energy level splitting due to
SOC). And (σxy)n,s is the one particle’s contribution from
the (n, s)-th “Landau level”, by linear response theory,
(σxy)n,s =
∑
(n′′,s′′) 6=(n,s)
×[
〈
Ψ
(0)
n,s
∣∣∣ ĵx ∣∣∣Ψ(0)n′′,s′′〉〈Ψ(0)n′′,s′′ ∣∣∣H ′ ∣∣∣Ψ(0)n,s〉
EyLxLy
(
E
(0)
n,s − E
(0)
n′′,s′′
) + h.c.].(18)
where H ′ = −eŷEy and the electric field is uniform. Now
we adopt the Landau gauge ̂˜px = ~kx − eBy/c, ̂˜px = p̂y,
and introduce the operator of bosonic quasi particles a =√
c
2~eB
(̂˜px − î˜py), a† = √ c2~eB (̂˜px + î˜py), [a, a†] = 1.
Then we get
Ĥ0 = ~ω
(
a†a+ 12 iγa
3
−iγa†3 a†a+ 12
)
.
Then
ĵx =
e
i~
[
x, Ĥ0
]
= eω
√
~c
2eB
(
a+ a†
)
+
3ieγ
m
√
~eB
2c
(
0 a2
−a†2 0
)
.(19)
And
Ĥ ′ = −eŷEy = −eEy
(
~kx −
√
~c
2eB
(
a+ a†
))
· I, (20)
where I is a unit matrix. Then using Eqs.(17), (19)
and (20) for matrix elements 〈Ψ
(0)
n,±|ĵx|Ψ
(0)
n+1,±〉 and
〈Ψ
(0)
n,±|H
′|Ψ
(0)
n+1,±〉, the selection rules will be found. And
the summation over states in Hall conductance in Eq.(18)
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can be simplified as
(σxy)n,±
=
1
ELxLy
[
〈
Ψ
(0)
n,±
∣∣∣ ĵx ∣∣∣Ψ(0)n+1,+〉〈Ψ(0)n+1,+∣∣∣H ′ ∣∣∣Ψ(0)n,±〉
E
(0)
n,± − E
(0)
n+1,+
+
〈
Ψ
(0)
n,±
∣∣∣ ĵx ∣∣∣Ψ(0)n−1,+〉〈Ψ(0)n−1,+∣∣∣H ′ ∣∣∣Ψ(0)n,±〉
E
(0)
n,± − E
(0)
n−1,+
+
〈
Ψ
(0)
n,±
∣∣∣ ĵx ∣∣∣Ψ(0)n+1,−〉〈Ψ(0)n+1,−∣∣∣H ′ ∣∣∣Ψ(0)n,±〉
E
(0)
n,± − E
(0)
n+1,−
+
〈
Ψ
(0)
n,±
∣∣∣ ĵx ∣∣∣Ψ(0)n−1,−〉〈Ψ(0)n−1,−∣∣∣H ′ ∣∣∣Ψ(0)n,±〉
E
(0)
n,± − E
(0)
n−1,−
+ h.c.]
Then using eqs.(16) and (17), all the elements〈
Ψ
(0)
n,±
∣∣∣ ĵx ∣∣∣Ψ(0)n±1,±〉 and 〈Ψ(0)n±1,±∣∣∣H ′ ∣∣∣Ψ(0)n,±〉 can be cal-
culated without difficulty. After long but straight alge-
braic deduction, we can finally obtain
(σxy)en,± = −
e2
h
Φ0
Φ
, (21)
where Φ0 = BLxLy,Φ = hc/e. By summing up all the
contributions from different energy levels, the total Hall
conductance will be
σxy =
∑
en
(
(σxy)en,+ + (σxy)en,−
)
= −
∑
en,s
Nen,s
e2
h
1
Φ/Φ0
= −
e2
h
N0
Φ/Φ0
= −ν
e2
h
. (22)
Here N0 is the total number of carriers, and the filling
factor ν = N0/ (Φ/Φ0).
Due to the existence of impurities in practical samples,
localized states appear in the region between “Landau lev-
els”. It leads to the appearance of the plateaus when the
Fermi level lies in that region. The gap between two con-
ductance plateaus is obviously e2/h. It is concluded that
the cubic SOC do induce the extra term of CCD that yields
the contribution to electric conductivity, but no contribu-
tion is given to the quantum Hall conductance.
Conclusions. – We have derived an exact formula
of particle current density for a 2D cubic Rashba model
that appears in some p-doped semiconductors. In addition
to the conventional current expression, there must be an
extra term that ensures the current continuity equation.
The extra term must have the contribution to electric con-
ductivity, but no contribution to the charge quantum Hall
conductance that is proved rigorously. So, it can be clearly
shown that no effect is made on the topological property
of integer quantization of Hall conductance due to the ex-
istence of extra terms in the 2D cubic Rashba coupling
system. Further experimentally detectable effects of the
new term are still on research.
Appendix: Deduction of extra terms from
Noether’s theorem. – In this appendix, we point
out that, for a 2D cubic Rashba Hamiltonian where the
highest order of derivatives is higher than 2, it is neces-
sary to generalize the expression of conserved current in
Noether’s theorem. Applying the generalized Noether’s
theorem [12], we can get the expressions of conserved par-
ticle CD of a k-cubic Rashba SOC system from U (1) gauge
invariance.
Noether’s theorem, not only indicates the relation be-
tween conserved currents and symmetries of Lagrangian,
but also implies that the expression of conserved current
depends on the form of Lagrangian from the begin-
ning of its deduction. In usual cases, Lagrangians are
expressed as L[φ (x) , ∂µφ (x) , φ
† (x) , ∂µφ
† (x)], xµ =
(t, r) , µ = 0, 1, 2, 3 -such as the Lagrangian of com-
plex scalar field- which only include fields φ (x) , φ† (x)
and their first order derivatives ∂µφ (x) , ∂µφ
† (x)
as independent variables. But in our case, Hamil-
tonian Ĥ includes higher order derivatives. So
its Lagrangian should be written in the form
L[φ(x), ∂µφ(x), ∂µ∂νφ(x), ..., φ
†(x), ∂µφ
†(x), ∂µ∂νφ
†(x), ...],
where higher-order derivatives are also included
as independent variables. For simplicity, we de-
note φ (x) and φ† (x) as φ and φ†. The Hamilto-
nian of a k-cubic Rashba system studied here is
ĤR = p̂
2/ (2m) + iλ
(
p̂3−σ
+ − p̂3+σ
−
)
. The corresponding
Lagrangian can be
L[φ, ∂µφ, ∂µ∂νφ, ∂
2
µ∂νφ;φ
†, ∂µφ
†, ∂µ∂νφ
†, ∂2µ∂νφ
†]
= φ† (i∂0φ) +
1
2m
φ†
(
∂2x + ∂
2
y
)
φ
+2iλφ†
(
σx∂3y + σ
y∂3x
)
φ
−2iλφ†
(
3σx∂2x∂y + 3σ
y∂x∂
2
y
)
φ.
According to the least action principle, one can easily ob-
tain an Euler-Lagrange equation
0 =
∂L
∂φ
− ∂µ
∂L
∂ (∂µφ)
+ ∂µ∂ν
∂L
∂ (∂µ∂νφ)
− ∂2µ∂ν
∂L
∂
(
∂2µ∂νφ
) ,
which yields the Schro¨dinger equation. Actually, the first
two terms on the right-hand side of the above equation
give the conventional formula of particle CD. The remain-
ing parts lead to the extra terms. The corresponding con-
served current Fµ is
Fµ =
∂L
∂ (∂µφ)
δφ+
∂L
∂ (∂µ∂νφ)
δ (∂νφ)− (∂ν
∂L
∂ (∂µ∂νφ)
)δφ
+
∂L
∂
(
∂2µ∂νφ
)δ (∂µ∂νφ) − (∂µ ∂L
∂
(
∂2µ∂νφ
) )δ (∂νφ)
+(∂2ν
∂L
∂ (∂µ∂2νφ)
)δφ+ (φ→ φ∗) ,
(A.1)
which satisfies the continuity equation ∂µF
µ = 0. We
concentrate on the deduction of conserved particle cur-
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rent corresponding to U (1) gauge symmetry. From in-
finitesimal variation of fields δφ = iαφ, δφ† = −iαφ†, the
expression of conserved particle CD for a k-cubic Rashba
system is
jx = −F x = φ†
(
i∂x
2m
φ
)
+
(
i∂x
2m
φ
)†
φ
−2λ[φ†σy
(
∂2xφ
)
+
(
∂2xφ
†
)
σyφ
−
(
∂xφ
†
)
σy (∂xφ)] + 6λ[φ
† (σx∂x∂yφ)
−
(
∂xφ
†
)
(σx∂yφ) +
(
∂2yφ
†
)
(σyφ)],
jy = −F y = φ†
(
i∂y
2m
φ
)
+
(
i∂y
2m
φ
)†
φ
−2λ[φ†σx
(
∂2yφ
)
+
(
∂2yφ
†
)
σxφ
−
(
∂yφ
†
)
σx (∂yφ)] + 6λ[φ
† (σy∂x∂yφ)
−
(
∂yφ
†
)
(σy∂xφ) +
(
∂2xφ
†
)
(σxφ)].
Comparing the above formulae with the conventional one
jconv = Re
{
φ†
(
1
i
[r, HR]φ
)}
, we get the extra term of
particle CD jextra = j− jconv:
jxextra = −λ∂
2
x
(
φ†σyφ
)
+ 6λ
(
∂xφ
†
)
σx (∂yφ)
+6λ
(
∂x∂yφ
†
)
(σxφ)− 6λ
(
∂2yφ
†
)
(σyφ)
+3λφ†
(
σy∂2yφ
)
+ 3λ
(
∂2yφ
†
)
(σyφ) , (A.2)
j
y
extra = −λ∂
2
y
(
φ†σxφ
)
+ 6λ
(
∂yφ
†
)
σy (∂xφ)
+6λ
(
∂x∂yφ
†
)
(σyφ)− 6λ
(
∂2xφ
†
)
(σxφ)
+3λφ†
(
σx∂2xφ
)
+ 3λ
(
∂2xφ
†
)
(σxφ) . (A.3)
Further, it is not difficult to check that the extra term
jextra deduced here by extended Noether’s theorem and
jextra in the second section do satisfy the equation ∇ ·
(jextra − jextra) = 0. Thus we conclude that our result of
extra term is rigorous.
∗ ∗ ∗
This work is supported by the National Natural Science
Foundation of China (Nos. 10674027 and 10547001) and
973 project of China.
REFERENCES
[1] Kato Y. K., Myers R. C., Gossard A. C. and
Awschalom D. D., Science, 306 (2004) 1910.
[2] Wunderlich J., Kaestner B., Sinova J. and Jung-
wirth T., Phys. Rev. Lett., 94 (2005) 047204.
[3] Kato Y. K., Myers R. C., Gossard A. C. and
Awschalom D. D., Phys. Rev. Lett., 93 (2004) 176601.
[4] Sih V., Myers R. C., Kato Y. K., Lau W. H., Gossard
A. C. and Awschalom D. D., Nature Physics, 1 (2005)
31.
[5] Silov A. Yu., Blajnov P. A., Wolter J. H., Hey R.,
Ploog K. H. and Averkiev N. S., Appl. Phys. Lett., 85
(2004) 5929.
[6] Rashba E. I., Fiz. Tverd. Tela (Leningrad), 2 (1960) 1224
[Sov. Phys. Solid State, 2 (1960) 1109]; Bychkov Y. A.
and Rashba E. I., J. Phys. C, 17 (1984) 6039; Sinova J.,
Culcer D., Niu Q., Sinitsyn N. A., Jungwirth T. and
MacDonald A. H., Phys. Rev. Lett., 92 (2004) 126603.
[7] Dyakonov M. I. and Kachorovskii V. Y., Sov. Phys.
Semicond., 20 (1986) 110; Bastard G. and Ferreira R.,
Surf. Sci., 267 (1992) 335.
[8] Schliemann J. and Loss D., Phys. Rev. B, 68 (165311)
2003; Bernevig B. A., Orenstein J. and Zhang S. C.,
Phys. Rev. Lett., 97 (2006) 236601.
[9] Luttinger J. M., Phys. Rev., 102 (1955) 1030.
[10] Dresselhaus G., Phys. Rev., 100 (1955) 580.
[11] Winkler R., Spin-Orbit Coupling Effects in Two-
Dimensional Electron and Hole Systems (Springer, Berlin)
2003.
[12] Li Y. and Tao R. B., Phys. Rev. B, 75 (2007) 075319.
[13] Klitzing K.-von, Dorda G. and Pepper M., Phys. Rev.
Lett., 45 (1980) 494.
[14] Laughlin R. B., Phys. Rev. B, 23 (1981) 5632.
[15] Thouless D. J., Kohmoto M., Nightingale M. P. and
den Nijs M., Phys. Rev. Lett., 49 (1982) 405.
[16] Kohmoto M., Ann. Phys., 160 (1985) 343.
[17] Ma T. and Liu Q., App. Phys. Lett., 89 (2006) 112102.
p-6
